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* Introduction -1
!

o Performance: in time-domain

+ Transient response (Ex: Rise time T, P.O. & peak

time T, Settling time Ty)
+ Steady-state response (Ex: steady-state error eg;)
o Design: in s-domain
+ Routh Hurwitz Criterion
+ Root locus
o Alternative design: in w—domain

+ Bode plot
+ Nyquist Criterion




* Introduction -2
|

o Frequency Response: The steady-state

response of the system to a sinusoidal input

A well-studied periodic signal readily
available in many instruments

input ——1 (stable) Linear system, T(s) —— output

r(t) = Asin(wt) y(t) = AT (jw)|sin(wt + ¢)
$p=2T(jw)
m /ZQ\ Input vs. output
> Same frequency
|
W W Different amplitude & phase angle

o

* Introduction -3
!

o Derivation

R(s)=A

T(s) = mto—

s2+w?

Assuming distinct poles,
stable system (poles in LHP)

p(s) Aw
Y (s) = T(s)R(s) =
() = TORE) = o T3y y o
k k a ay”
= LDy D
S+ pj S+p, Stjo S—jw
o 2 a+jb |ao| =l Tw)| 5 = Va2 + b2
L1 = YO Holejo = T8 ey = T(j0) )

=(c—jd)5j=2(d+jc)  where Tjw) 2 c +jd
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* Introduction -4
|

y(t) = kle_plt 4+ -+ kne_pnt L 0 when t — o
+(a + jb)e 7t + (a — jb) e/®t

— [eja)t 4+ e—jwt] _jb[ejwt _ e—jwt]

= 2acos(wt) + 2bsin(wt)

_ > i b a

= 2vVa* + b [sin(wt) ==+ cos(wt) Ny

£ cos¢ £ sing

= 2|ay| sin(wt+ ¢)
= A|Tjw)|sin(wt+ ¢)

A
R =5d
b= tan_lg = tan™! ITZEZZ; = tan‘llzé—c tan~l— = 2 T(jw)
2
5_‘\_
* Introduction -5
1
o How to obtain T(jw)?
¢ = T(iw):T(S)ls:joo
Why?
o Laplace Transform vs. Fourier Transform
Laplace transform Fourier transform
F(s) = LIF@] = [ f(©)e~*dt F(w) = FIF®] = [, f(D)e /@ dt
1 (ot 1 (@ :
— r—1 - st — 1 — jwt

F© = LFO) = 5 | | F@eds [0 =@l =5, | P@eido

Intergral along vertical lines, f(t) is defined only int > 0

o > Re(poles) to ensure convergence = Change integration from —oo to 0

Here T(s) is stable = Choose 0 = 0

Im

s=0+jw {—»Re [J‘w freq. interchangable = s = jw

“—>
o transient ‘
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' Polar Plots -1
|

o Plot magnitude and phase angle of T(jw) in

complex-plane with varying w

GU@)=G(s)ls=jw

= Re[G(jw)] + jIm[G(jw)]
= R(w) + jX ()

= |G(w)|e/P@)

|||||

= G()|2¢(w)
G(jw)I? = [R(w)]?+[X (w)]? mw
a7 E_IXS(U? — _mm e
¢(w) = R(W) 2 2 :
= tan2 (X (w),R(w)) —-m~m y Bt
!
' Polar Plots -2
1
a Ex:RCcircuit _p T MIQ T
sl v N c=Ew
e bl L
L 1(t)
G(s) = VR+VC R1+L "~ RCs+1
— 1 _ 1_j(w/a)1) 1 1
Gjw) = 1w<RC)+1 T @)t (@/,) 41 7= RE 0=,
S S Yl G 10 a circle centered at (%, 0)
(w/w1) +1 (w/a)1) +1 er}
1 w
G w == w) = tanz_l __,1 legative @
6] === 9(@) = tan2 (= 2,1 e
\/ w1 Trajectory in 4t quadrant > N
| R@ | X@) | [6@)] M
w=0 1 0 1 0 rd\ b
w=w 1 1 1 _s5 N
2 2 \/E Positivew © ¢
w — 00 0 0 0 —90°




! Polar Plots -3

k

o ExX: G(s) =—— w2
( ) S(ST+1) G(S):m
"7 Standard 2nd-order open-loop system

k -w?kt -wk
G(jw) = = i
(] ) jo(jwt+l)  w*t?+w? ]w412+w2

k

G(w)| =——=
(0)4T2+(l)2)5 Im[G]
¢(w) = tan2 1 (—wk, —w?k7) T o
_ -1 L) Increasing w3 i B
ran (wT Yielding wrong results w=t T 135

w=0 —kt —o o

—90° |
20° | “=3
s | ke 135
R
W — 00 0 0 0 —180°

OO
i # -4 ME3007-01 Chap 8 - ki 3 9

! Polar Plots -4

o Comments
+ Pros: Polar plot is very useful for investigating system stability (i.e.,

Nyquist Criterion)

+ Cons:
o The addition of poles and zeros to an existing system requires the

recalculation of the frequency response . .
VS.
sT+1 s(st+1)

o The frequency response doesn’t indicate the effect of the individual

poles or zeros

f # 47 4] ME3007-01 Chap 8 - kit 3 Li




"  Bode Plots -1
|

o Comments

+ Logarithmic plot (or Bode plot) simplifies the

determination of the graphical portrayal

Gjw) = |G(w)]e/*)
Logarithmic gain = 20log,,|G(w)|  unit: decibels (dB)

E> Conversion of multiplicative factors into additive factors

11 “

™  Bode Plots -2
|

o Ex: Revisit RC circuit

1
s=jw RCs+1

1

= - T=RC
s=jo JjwT+ 1

G(jw)=G(s)

1 1
GdB(a)) = 20log|G(a))| = ZOIOg(m)Z

= —10log(1 + (w7)?) 0

:" B .._] \

20

1
w « = Gyp(w) = —10log(1) =0

&-IJ:.-JLJB

01

1 2
w == Gyp(w) = —10log(2) = —3.01dB

= —ZOlOg(T) — ZOlOg(a)) — 100

When w = % Gap

bl w). degrees

1
w> = Gyp(w) = —20log(wT)

=

.1 1
T w
0 @, radfs

d(w) = —tan" wt




™  Bode Plots -3
1

o Comments

+ Decade: An interval of two frequencies with a ratio

equal to 10

Assuming w » %(GdB(a)) = —20log(wt)) and w, = 10w,
Gap(w1) — Gap(w,)

= —2010g(w1T) + 20109(sz) Red lines: Asymptotes
= —ZOZOQE E“_H
— 420 dB o
o 1 2

s

The asymptotic line for this first-order T.F. is -20dB/decade
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™  Bode Plots -4
|

o Generalized transfer function
kp [, (1+]WT;)

J)NTIM_ (1+]WTy) H’,§:1[1+< 28k )/“)J’(C{)i)k) | poles in LHP

G(jw) =

Gap = 20log|G(w)| = 20log| k;,| + 20 Z?zllogll + joT;|

—20log|(Ga)N| — 20 XM _ log|1 + jwr,,|
2

B 20k Jw
20YR_.log 1+( )/ +(wnk)

E> Bode diagram: Summing the amplitude
due to each individual factor

¢ (w) =2k, +Y% tan wz; — N(90°) — XM _, tan™" w,,

o Zk:l tan (kaa)nkw)

_wZ
l:> Phase diagram: Summing the phase angles

due to each individual factor
14




* Four Factors -1
!

o Constant gain, k;

Gag = 20log |ky| = constant dB Im

{07 kp>0
qb(“’)_{180° k, <0

.o

* Four Factors -2

|
o Poles (or zeros) at the origin, jw

One pole: .
Gag = 20log |[—| = 20log — = =20 log (w) dP
dB 9|; w‘ 9 g (w)
—_ o} _ 1 _ . 1 X (o)
¢ (w) =-90 G—]-E——Ja I“’_’OO Tjea
— Re
assuming w, = 10w, 1 R
1 1 w=0
20log ]w—| — 20log ]w—| = —20(logw; — logw,) = 20 dB ) o'
_mﬂ,l @ 10 100
N poles: v
Gap = 201 ! 20l0g— 20N [ dB
= <zUlo =20log-— = — og(w) db
aB 9 (ja))N 9 a)N 'g( )% a0 {je)
¢ (w) = —90°N £ o
One zero: m ) i :fi

0 100

0.1

Gag = 20log|jw| = 20log (w) dB . I
= jw R

¢ (w) = 90° o=
16 L




* Four Factors -3

t
a

Poles (or zeros) on the real axis, 1+ jwt

Pole (LHP):
Gag = 20log |

W « % Gys = —10log(1) = 0 dB

S
THwt ~ “V°9 Torare

Slope
w » % Gag = —20log(wt) = —20log(t) — 20log(w) dB

= —10log(1 + w?t?)

Two asymptotes inter sect at w = % break (or cutoff) frequency

w == Ggp = —10log(2) = —3.01 dB

L] Asymplotic
= L curve
- g
'_%,,—zn
- 30
—40
0.01 0.1 1 10 100
T T T T
Frequeney (rad/s)
17 _I_
* Four Factors -4
1
Real: Approximation:
logw— log
— -1 w
¢ (w) = —tan™ " wt ¢ (w) = =90 — 57— = —45log4
log=~log> T
- 0
w « — =
T ¢ ¢ =
w=2 ¢=—tan"11 = —45°
T = ¢ = —tan"11 = —45°
1
w» - ¢=-90°
¢ w== ¢=-90°
0
£
=00
a1 10
wT 0.10 0.50 0.76 1 1.31 2 5 10 Frequency (radds)
20logl(1 + jwr)',dB  —0.04 -1.0 =20 =30 -43 =70 -14.2 —20.04
Asymptot
approximation, dB 0 0 0 0 =23 -6.0 -140 200
$lw), degrees -57 —266 374 —450 527  —634 -787 843
Linear approximation,
degrees 0 -31.50 -39.5 —45.0 -50.3 —585 -76.5 =90.0




* Four Factors -5
!

Zero (LHP):

Gag = 20log|1+jwd = 10log(1 + w?7?)

W« = Ggp = 10log(1) = 0 dB

Slope

W » % Gap = 20log(wt) = 20log (1) + 20log(w) dB

Two asymptotes intersect at w = % break (or cutoff) frequency

w =~ Ggp = 10log(2) = 3.01 dB

¢ (w) = tan " lwrt lGdB

Zero (RHP), —1 + jwt
1 Gup = 20log|—1+jw]

T
* Four Factors -6
1
+ Polar plot vs. bode plot
6(ja)=—
w)=-
jot+ 1
10
0 Asymplotic
X( {U} E AXHCE curve
= o .
Negative w %ﬂ —0
AT ~ =
y ’ \\ 0
}J' ‘\ —40
W= — RI {a)
R(w)
/ 45° \ ’ 0
w=x w=10 .
\ |G| E)t' Linear
= Approximation

Positivew ! E “
]

=

Frequency (rad/s)




* Four Factors -7
|
o Complex conjugate poles or zeros,

2
2+ 20wps +wf [ 1+ (== )] (& ) =1+j20u—u? , us
0<{<1 Normalize, DC gain=1 "

Poles:
Ggg = 20log|G(u)| = 20log | 2<u| = —10log[(1 — u?)? + 4{%u?]
¢ (1) = —tan™" (12_6_uu2) or = tan2 1(-2{u,1 —u?) a function of ¢
u«l Ggg =—10log(1) = 0dB
¢ (u) =0 Slope Note:
u»1 Ggg = —10log u*=— 420logu Gap(w1) — Ggp (10a,)

¢ (u) ~ —180° = —40 (log——log
Two asymptotes intersectatu =1 = +40
u=1 Ggzg= —10log(4(?)

n

¢ = —90° ‘
21 5

1 Oa)l)

* Four Factors -8
!

G| =((1 —uw?)* + (2 ¢w)?) 2

3
D - 111~ u2)? 4 (2 )] H( — 4+ Bug?) = 0

(4u® —4u +8ul?®) =0

> u=0,1-2¢

Exist when 0 < ¢ < —

V2
Wy = Wy = Wp/1 — 202 \ \

L7 w,fc
Resonant frequency \ \

o

<U<H My =l = (/1-8)
1

—==<(<

2

{{{{{{

no M, peak \




Four Factors -9

20

£= 005
0.10
0.15
10 0,20
0.25
—
‘.:. (]'30.4 o
) 2 -l 06 Red lines; Asymptotes
Ex:{=0.8 8 o8 . ymp
Im -20
A
=30
—40dB/decade
—40
ol 0.2 03 04 0506 08 1.0 2 3 4 5 6 5 10
o = wiw, Frequency ratio
» R e
(a)

0.1 0.2 03 04 0506 08 1.0 2 3 4 5 6 810

i Frequency ratio

thy
f #4241 ME3007-01 Chap 8 - it 3 23
Four Factors -10
Table 8.3 Asymptotic Curves for Basic Terms of a Transfer Function
Term Magnitude 20 log|G| Phase ¢(w)
1. Gain, 40 90°
G(jw) = K
20 45°
20 log K
dB 0 dlw) 07
20 | | - —45°
—40 —90°
w w
Copyright © 2011 Pearson Education, Inc. publishing as Prentice Hall
24
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Four Factors

-11

2. 7810, 40 00°
G(jw_) =
1 + jo/ay 20 45°
B 0 dlw) O°
o, —45°
—40 —90°
0.1, w) 10 0.1, w) 10
@ w
40 90°
3. Pole,
G(jw) = 20 45°
(1 + jwfw)™?
dB 0 d(w) 0°
—20 —45°
—40 —90°
0.1en ) 10w, 0.1, w) 106,
o] w

Copyright @ 2011 Pearson Education, Inc. publishing as Prentice Hall

i # %4 ME3007-01 Chap 8 - i 3 25
Four Factors -12
4. Pole at the origin, 40 90°
G(jw) = 1/jw
20 45°
a0 dlw) 0°
_20 _450
—40 —90°
0.01 0.1 1 10 100 0.01 0.1 1 10 100
(2} (]
5.Two complex poles, 40 180°
01 = &< 1, Gjo)=
(A +p2u—-wyt 2 =
U= wfw, dB 0 blw) O
—20 —90°
—40 —180°
0.01 0.1 1 10 100 0.01 £ 100

u u

i # - 4] ME3007-01 Chap 8 - it %

Copyright © 2011 Pearson Education, Inc. publishing as Prentice Hall
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Example -1

e

G(jw) = 5 (1+4j0.1w) i
jW(1+jO.5W)(1+j0.6(:/—0)+(%) )
+ Step 1: Find asymptotes and adequate w ranges of all factors
o (105, Ggg = 20log5 = 14, doesn’t change with w
o (2 jw,passingw =1 Gz =0, w=1[0.1 10],
asymptote = —20logw

o 3 (1+/0.5w), wpr=2,w=1[02 20],
W<2’GdB =0

asymptotes =

w=2,G,, =20log2—20logw = 6 —20logw

o @ (1+j0.1w), wy, = 10,w = [1  100],

w < 10,Ga5 =0

asymptotes = {w > 10, G4 = 20logw — 20log10 = 20logw — 20 ‘
[N

27

Example -2

e

20 log|Gl, dB

. G (1 +j0.6 (SW—O) + (;V—O)Z) Wys = 50,w =[5 500]

w < 50,Gg5 = 0

asymptotes = {W > 50,G45 = 40log50 — 40logw = 68 — 40logw

0

®

—10

—20 \

0.1 0.2 1 2 10 50 100




* Example -3
1

+ STEP 2 : Decide overall plotting range of w = [0.1 500] and

draw a grid

+ STEP 3 : Plot the resultant asymptote, starting from low frequency
In this example,

o 0.1 <w<2,G45 =14—-20logw only (1) and (2) matter

o 2<w<10,G45 = (14 — 20logw) + (6 — 20logw) = 20 — 40logw add
effect of 3

o 10 <w <50,G45 = (20 — 40logw) + (20logw — 20) = —20logw add
effect of 1)

o w=50,G45 =—20logw + (68 —40logw) = 68 — 60logw add effect

of 5)

P. S. The resultant asymptote should be a continuous piecewise linear function, which

means: K5 EHY wis AFHETRYRISRES b 1581 —HMGap ‘
29

‘ Example -4

+ STEP 4 : Plot the exact curve

20 \
\ / —20 dB/dec

10

0
— —40 dB/dec

‘/ Exact curve

~

—20

20 loglG (jw)l, dB

Approximate curve —

—30

—40

—50
0.1 1 10




Example -5

b

+ Phase

90

60
30

T

W

: \

=30
—60

|
o
o

Zeroatw = 10

Complex poles

Pole at origin
——

P(w), degrees

I | |
® 0 W
S © o

=210

—240
-270

Approximate ¢(w)

0.2

‘ Get |G (w)| graphically
1

o Ex: Gs) =

2
s2 4+ 2lwp, + wi (S —p1)(s —p2)

wp

P12 =(—Cxjy1-— *)wy

distance from p; to s = jw

¢ (w) = —£(jw = p1) = £(w = p2)

W, = wyf1 — 202 osz<%=o.7o7
=S py,pp? BREER KA B

B | F2{@poles M w, P 72 B HY
=/Akhs TER, =AK

Root locus:

varying ¢

32 k‘




* Performance Specification -1
1

o Bandwidth wg

+ The frequency at which the frequency response has declined 3 dB

from its low-frequency value

20 log M,,,,
o 0
— =3
=
=)
S
=
o

* Performance Specification -2
1
o Ex: Standard 2"9-order system 7(s) =

(,()2

52+ 2{wy,s + w?

+ Step response

1 —Jwntg;
yt) =1 —pe sin(wp,ft +6)  0<C <1 fynction of ¢ only

L=41—-0%2 6=cos !¢
s __m /
Ip === My=1+e V0D

P 1=

-8




* Performance Specification -3
|
o Ex: Standard 2"9-order system 7(s) =

wZ

s2+ 20w, s + w2

+ Frequency response, r(t) = Asin(wt)

y(t) = AlG(w)|sin(wt + p(w)) function of ¢ only
Gap(w) = —10log[(1 — u?)? + 47%u?] o
¢ (u) = tan271(-2qu, 1 — u?) " wy /

Wy = wp/1 — 272 Mpw=|G(wr)|=(2(\/1_(2)_l 0<6<%

% = —1.19¢ + 1.85 03<¢<0.8 ’

1.2

Ll == r—
Linear approximation
1| @y # -

—_— — |.|‘)§. + |.H)
[

09"

0.8

0.7

0.6
( T Wp l 0.1 02 03 04 05 06 07 08 09 |
‘

= Wy

* Performance Specification -4
|
o The magnitude of M, gives indication stability of a stable

close-loop system
+ Large M, —» Large My,
o The magnitude of wg gives indication of the transient
response properties in the time domain
¢ Large wgp — faster t,
o Desired frequency-domain specifications

+ Relatively small M,,,,

+ Relatively large bandwidth wg




* Log Magnitude and Phase Diagrams
|
o = logarithmic magnitude (dB) vs. phase angle

40

o EXx: Revisit

30
5 (1+0.1w)

G(Gw) =

jw(1+j0.5w)(1+j0.6(%)+(%)2) 20

10

20 loglG,l. dB
o

=10

=20

-30 :
/
_ag 70
225




