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Chap 7 The Root Locus Method
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* Introduction
!

o Definition

+ The root locus is the path of roots of the characteristic equation

traced out in the s-plane as a system parameter is changed
o Motivation

+ ltis frequently necessary to adjust one or more system parameters

in order to obtain suitable system performance ( root locations )

o




* The Root Locus Concept -1

|
o A simple single loop system

R(s) ’T

T(s) = Y(s) p(s)  KG(s)
R(s) q(s) 1+KG(s)

K € [0,0) Root Locus
K € (—x,0 ] Complimentary Root Locus

K € (—o0,00) Complete Root Locus

o

* The Root Locus Concept -2
1

A(s) =1+ KG(s)=0

Parameter of interest N
KG(s)=|KG(s)|2KG(s)= —1 + jO
180" + 2360
+ Magnitude condition 1: /\ >
JKG(s)]=1 1

+ Angle condition

ZKG(s)=n+zQ2n)=(1+2z2)t z€Z

P




* The Root Locus Concept -3
i

1
o Example: G(s) = ———  varying“K”
ple G(s) = ———  varsing
A(s) 1+K—1 0
+ s) = =
K G > s(s +a)
s?+as+K=0
—a++vVa? —4K
+ Pole locations S12 = 2
a? a Va®—-4K , !
D O=sk< siz=—52—— k> A
a? a 1<=aZ
= — S - 3
2) K 2 1,2 > % ;\(; 2
—-a —— 0
a? a VAK —a? z 2
(3)K>Z SlZ__E_jT 0<SK<—

* The Root Locus Concept -4
1

+ Check with equation constraints

at root s,
L———=0—2(5; — 0)—2(s; — (—
G 1D 0 (51 —0)—2(s1y — (—a))
= —(m—0)—0 =—m Satisfyn+zQ2n) z€Z
K __ k.
s(s+a) s=sy |s1||s1 + al

K = |s{]|s1 + al
l W

distance from s; to -a

distance from s; to 0




* The Root Locus Concept -5
i

1 L o_»”
a Example: G(s) = ——— 'avinga
s(s+a) (asystem parameter)
1 \/
AGS)=1+K———==0 ¢ :_ai a? — 4K
s(s+a) 1,2

2 \
+ Pole locations

(1) 0<a<2VK

—a + jV4K — a?
2

a=2VK
a . a\?2 / o .
=-5+jJk=(3) © N
5 a>2VK 0
A half circle centered at 0 with radius VK

2)a=2VE s1p=-==-VK

S1,2 =

0<a<2VK

_'\/E
3)a>2Vk Sp=—-—d-—— :

2
a a? — 4K
2 2

* The Root Locus Concept -6
1

+ Reformat the system into the standard form

A(s) =s?’+as+K=0 1+a

=0
s2+ K
T Parameter of interest
+ Check with equation constraints : £(s; = VK)
at root s,
as

LG =4 s1—2(sy+HVK)—2(s; — jVK)

- Go)-Gre)-(3r-w) -

Satisfy n+z(2n) z€Z
as

s2+ K

s=51 4 |s1 = jVK]||s; + jVK]|

|sq]




* The Root Locus Concept -7
i

o General R.L form

A(S)=1+F(s) =0 F(s) =-1+j0
K(s+2z)(s+2z,)...(s+ z,)
y(s +p1)(s +p2) ... (s +pp)

Parameter of interest

F(s) =

o Angle condition
LF(s)=£K + (4(s + z1)+4(s + z1)+...4(5 + Z1p))

—(2(s +p)+4(s +p)+-£(s +pn))
=n+zQ2n) z€Z

o Magnitude condition
Kls + z;||s + zy| ... |s + z,, |

|F(s)| =
|s + p1lls + p2| ... |s + pal ‘
9

* The Root Locus Procedure -1
!

o Step 1 : Prepare the root locus sketch

+ (a) Write the characteristic equation such that the parameter of

interest, K, appears as a multiplier

A(s)=1+F(s)=0=1+KP(s) 0<K<o
An open-loop T.F. with unity feedback

+ (b) Factor P(s) in terms of n poles and M zeros

_ iL1(s +2)
- H;'l=1(5 +pj)

P(s)




* The Root Locus Procedure -2
!

+ (c) Locate the open-loop poles and zeros of P(s) in the s-plane

n M
l—[(s +p)) +K1_[(s +2)=0
j=1 i=1
n

K=0 (s+p;)=0  RL. originates from poles of P(s)
j=1

K — o0 (s+2z)=0  R.L. terminates at zeros of P(s)
14
+ (d) Determine the number of separate loci (SL) = # of poles

n — M branches of R.L. approached n — M zeros at “infinity”

+ (e) The R.L. are symmetrical with repeat to the horizontal real axis

.8

(i.e., complex conjugate pairs of roots)

* The Root Locus Procedure -3
!

o Step 2 : Locate the segments of the real axis

that are root loci

:> Always lies in a section of the real axis to the left of an
odd number of poles and zeros.

Because : 0, +0,, = 360°

A

(1) Complex conjugate poles ( or zeros )

929
do not give contribution to the angle 51 E/ﬁ

v

A

condition
(2) Contribution of real poles and zeros ~ | ~ Ops
to the left of the test points s; onthereal = ~ ]
axis is “0”” =0
(3) Contribution of each real pole or zero 1
to jch(.e r‘l‘ght oof test point s; on the real LN A X
axis is “ 180" s,
6 = 180° ‘
12




* The Root Locus Procedure -4
|
o Step 3 : The Loci proceed to the zeros at infinity

along asymptotes (center at gy, with angle @)

1
> Use 1 +K( — o) = (0 to get approximation
5o (EsAF - (ERERE/NT2E)
(s—ag)"M=—-K

_1 . 1
s =04+ (—K)n=M = g, + [Ke!("+27M)|n-M

1 .. T 2T

4

=g, + Kn-Me'Gmtn—m?  ;=012,..,(n—M—1)

n—M=1 n—M=2 n—M=23 n—M=24

04 )

* The Root Locus Procedure -5
!
a Thus, _(2z+1) -
Pa = —n Yy

Z
n—-—-M n—M z=012,..,(n—M—-1)

[1"(s + z) 14 s+ by s+
[T" (s +p)) . s+ a,_sT 4

s"M+ (an-1 — by—1)sm M+
M

1 n
approx.sys =1+ K 5 — o)W Ap-1 = zpj by-1 = zZi

=1 i=1

1 =
stM — (n— M)gys™ M1 4 ...

Ap-1—by-1 Z(_pj) —x(=2z)

%n = —(n—-M) n—M _L

=1+K




* The Root Locus Procedure -6
!

o Step 4: Determine the points at which the locus

crosses the imaginary axis (If it does so)

—> Use Routh-Hurwitz Criterion

* Root Locus Example -1
1

o0 s*4+ 1253 +6452+128s+K =0

% o1,
o Step 1 3
® T3
1
= -+ 2
s @1+ Ks4+1253+6452+1285 0
+ 1
1
— P
s (b)1+ K eroerarmeran = O S L.
4 -3 -2 1970
+ (C) 4 open — loop poles; no open — loop zeros 4 -1
¢ (d) 4 seperate loci; 4 loci approach infinity + ~°
¢ (e) Symmetry w.r.t.the real axis T
40, T —4
o Step 2 B

+ Segments of the real axis that are root loci: Between 0 and -4

.5




* Root Locus Example -2
1

o0 s*4+ 1253 +6452+128s+K =0

o Step 3: Asymptotes centered at g, and with angle ¢4

(DA (44D +(—4—4) -0
- . -

04

2741 1.3 5 7
L P T L

* Root Locus Example -3
1

0 s*+12s3+64s2+1285s+K =0

o Step 4: Locus crosses the jw-axis

st 1 64 K
s3 12 128

s? 53.33 K

§1 = 682523; ;21{ 0

s0 K

If c; < 0, two sign changes, 2 roots in RHP

If c; =0 (i.e., K = 568.89), roots of U(s) = 0 are roots of the system
U(s) = 53.33s% 4+ 568.89 = 53.33(s +j3.266)(s — j3.266) = 0

s = +j3.266 ‘
18




* Root Locus Example -4
i

A
N BENG)
N
N e
N x —+ 4,7
N P ’
N 1 273266 @
A @ —4—
\\ ’ 3
’
N ,
S ’
\\ P 4 2
’
S ’
N\
< ’
N e -+— 1
P N ®
ob 9. P
T R % > o
—4 232 @70
N
’ N -1
, N —
4 N\
’ N
// \\ _2
7 A e
e N
s \\
’
,’ £ -3
Re ——%3.266 @
y AN
%0 T
—_ AN
/’ Pl N
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* The Root Locus Procedure -7
!

o Step 5: Determine the breakaway point on the

Corresponding to multiple-order roots of the equation
real axis (if any) due to angle criterion

1
1+F(S)=1+KP(S)=O K——m
dK
—> —=0togets

Necessary but NOT sufficient, need to check whether s is on the
locus or not

The tangents to the loci at the breakaway points are equally
spaced over 360° n—M=3 n—M=4

Existence of other poles/zeros doesn’t affect the
angles of departure/arrival of s at the breakaway points




* The Root Locus Procedure -8
!

o Step 6: Determine the angle of departure of the

locus from a pole and the angle of arrival of the

locus at a zero

arival at a zero

departure from a pole is the difference

C> The angle of locus {

between the net angle due to all other poles and zeros and the

angle criterion of t(1+22) z € Z

£(s +p1)=2K+ (4(s + z1)+24(s +z))+ -+ 2(s + z))
—(t(s+py)+-+2(s+py))—(1+22)n

.8

* The Root Locus Procedure -9
!

o Step 7: Complete the sketch

+ Sketching in all sections of the locus NOT covered in the previous

steps

+ Use magnitude condition to determine the parameter value K, at a

specific root S,

J=1ls + ]
Ii\illS+Zi|

K, =

S=Sy




* Root Locus Example -5
i

0 s*+12s3+64s2+1285s+K =0

o Step 5:
K = —s*—12s3 — 64s% — 128s
dK
——=0= —4(12s3 + 952 + 325 + 32)

s =—3.7142.55,—1.58

Choose this one

K = 83.57

* Root Locus Example -6
1

0 s*+12s3+64s2+1285s+K =0

o Step 6: Angle of departure at the complex pole p;

m mw 3
_Hl_E_E_Zn:T[(ZZ-I_l) Z€/Z

T 1T 17 5

P1 Ps D3 Or=7m

o Step 7: Complete the sketch




Root Locus Example -7

jw
N
\\ @ // ®
Y 7
\\ -1 //
O P1® 773.266 @
\\ @ = 3
\\\ )
\\\ — 1
P, N ®,
OL N7 Py
I i #— - > o
4 232 ®
p -1
, -
/7
7
t | =2
7
7
d
e ® s -3
R %3266 @
y AN
d — N
// @ Pl \’
@
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Root Locus Example -8
o Matlab
o rlocus(tf(1,[ 112 64 128 0])); axis equal;
Root Locus
20 T T
g
g
3 \
> k
.g -5+ \
®© N
£
-]_0,
-15 1
.20 | | | | | | | | | |
-25 -20 -15 -10 -5 0 5 10 15 20
Real Axis (seconds™) 26
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* Parameter Design by the Root Locus Method -1
|
o Root Locus

+ Not only for determining the R.L. of A(s) as the system gain K

changes (0 —» )

+

4><T>—> K o GE)

+ Can also be used to check effect of the system parameters

v

Method: Isolate the parameter and rewrite the equation in standard

root locus form

> =0
s2+K

. _ 1 . “_»
¢ Ex: G = varying “a |:> 1+4a

.5

* Parameter Design by the Root Locus Method -2
|
o If having two parameters: Two-step method

+ First, evaluating effect of the parameter, a, by R.L. and select a

suitable a

+ Second, repeat the above process for the parameter, 3, by R.L.

+ Limitation: not always able to obtain a characteristic equation that

is linear in the parameter under consideration

-8




* Example: Welding Head Control -1
|

o Block diagram

o Requirements
1y egs < 35% for aramp input
2 Damping ratio of dominant roots > 0.707

3 T (2% of the final value) < 3 sec

v

* Example: Welding Head Control -2
1

o Suitable pole locations

kq
G = s(s+2) _ kq
2= k -
1 s(s+2) + kqkys
1+s(s+2)k25
E=R-v=(1-—"2_|p=—1 p
B B 1+G,)  1+6G,
i 1 A_2+k1k2A
ess_sl_r)%sl_l_ kl Sz B kl
s(s+2) + kqkys
ess 2+ kik,
= < 0.35
A k, —
7 >0707 6 <45°
T = 4 _4<3 >4
ST lw, o0 =3




* Example: Welding Head Control -3
1

o Characteristic equation

A(S):S(S+2)+k1k25+k120 1+ﬁ :O
s2+2s+a
Assume a = k;, [ = kik, .. t
Determine « first, then o
ess _ 248 — XD
A a |
o Step1l:setp=0 -, ‘
\\\ a— © f a:2real poles — doesn't work
s’+2s+a=0 ™ Y 1
1 1 b
l1+a—=0 ! '
s(s+2) o—: ! % —— € O—
2  i1l@=1 |0@=0) ,,:
|:> a: 2 conjugate poles SV 7
S a:1repeated poles-doesn't work

’
, ‘
’
31 k

* Example: Welding Head Control -4
1

o Step 2:
S IJ]—— j4.36 =| j4.36
1+ =0 # iy
g s2+2s+a \
T R it |” | "
choose a« = 20 = k4 sl 5 : .
-6 -4 6 T
oo ﬁ = 20k2 3.15
-2 -j2
1 =0 —j4 —j4
Ysc+2) i ! !

1+'852+25+05=0

plOt1+ﬂsz+Zs+20:0
choose { =0.707 ~0=315 & [f=43 - k;=0215

; |

Ty =127 <3sec  ess 2+kik;

= 0.315 < 0.
y k 0.315 < 0.35
32 .




* Example: Welding Head Control -5
1

o fEATIE
assume s = —c + jd

4

c>§t0meetTSS3

0<d<ctomeet>0.707

A(s) =s?+2s+PBs+a
s=—c+jd

=(c?—d?—2c—Pc+a)+j2d — 2cd + pd)

\ J ( J
/ Y

@ @
=d(2—-2c+pB)=0
(2—-2c+pB)=0

B =2c—2 into @

a=d*—c*+2c+fc

=d? + c?
e 2+ pB) 2C

> = = < 0.35
A a d? + c2

* Example: Welding Head Control -6

-3.15

0.35¢2 — 2¢ + 0.35d2 > 0
2] u] & = (—2)2 — 4(0.35)(0.35d2)
= 4(1 - 0. 352d2) <0
0.35

——2857

> >
(i.e., % % complex conjugate poles)
c=>d=2.857

choose root (—c + jd) within red area

calculate « = ¢? +d? and f = 2¢ — 2




* Sensitivity and the Root Locus -1
1

o How does variation of the system gain, K, (or

system parameter, ) alter the root location?

1
s(s+p) __ .

K = Ko + AK ={0.5, + AK
B=PBo+AB = 1!+Ap

o EX:1+K

Nominal values

nominal operating point:
1+———=0 Ky, =0.5
51’2 = —05 i]OS

* Sensitivity and the Root Locus -2
1

o Variation of K

A(s) =s?+s+(0.5+AK) =0

=

)
0.4

1+ AK =0 1
T s2+5s+0.5 H————
20% variation AK = +0.1 ~r1K =05 |05
> k=06  Si2|_  =-05+j0.59
As; = j0.09 §
— = —0.5 —j0.387
> K=04 512 |k=0.4 j

As; = —j0.11 ‘
36




* Sensitivity and the Root Locus -3
1

a Root Sensitivity = S;! = a‘?{;; ~ A?{T/;
S1 Asy jo.9 )
SKs =g = 5o = J045 = 0452490
B IE{E
s, Asy  —jor o
S =GR = o5 = /055 = 055490

* Sensitivity and the Root Locus -4
1

o Variation of

s+ (1+AB)s+05=0

1+ AB

j0.75

J0.50

=0
s?2+s+K
20% variation AP = £0.2
As;  0.16£—128

—j0.25

j0.50

j0.75

— p=12 S = B/AB~ 02

= 0.82 —128° Y
+
> p=08 gun _As _ 0125439 .
=" B/AB 0.2 +n
= 0.6252 + 39° h¥

5 |




* PID Controllers -1
|

o Form

R:;?—'GC e - Y

Kps? + Kps + K; Add a pole
S and two zeros

K;
GC(S) = Kp +?+ KDS =

proportional integral derivative

u(t) = Koe(t) + K, f e,(t) + K, 22

dt

Table 7.6 Effect of Increasing the PID Gains K,,, Kj, and K, on the Step Response

Percent Steady-State
PID Gain Overshoot Settling Time Error
Increasing Kp Increases Minimal impact Decreases
Increasing K; Increases Increases Zero steady-state error

Increasing K Decreases Decreases No impact
39 k

* PID Controllers -2
!

o Pl controller, K, =0

__ Kps+Kj
S

G.(s) = Kp + % Add a pole and a zero

Low-pass, phase-lag
System type +1, reduce ey

o PD controller, K; =0

G.(s) =Kp + Kps Add a zero
_ (# of asymptotes -1)
High-pass, phase-lead T
=

l
;
\

<

:>I 40_*_




Example -1

e

o Plant ¢ =

1

ooooooooo

s(s+a)

o Using the PD controller

G. = Kp + Kps
Kp +KDS _

Als) =1+ s(s+a) B

set K =0 0

1+Kp———=
Ps(s+a)

S

with K, 1+ K,

s24+as+Kp

‘ Example -2
1

o Using the PI controller

K;

GC=KP +?
1 —
s(s+a)

Kps + K;
S

(secon

0

A(s) =1+

maginary Axis
. )

s3>+ as?+Kps+ K, =0

set K; =0 1+ Kp

———=0
s(s +a)

1 —
s(s2+as+Kp) _




Example -3

Y

Q

Using the PI controller (2" method)
. K;
mséea_dK . K Kp(s +K_P |
c — b S - S 8
K;
choose the zero,s = ——,
Ky

close to the orgin

then varying Kp
(s + %

1+ Kp———"L-=0
Ps2(s + a)

Shape of the R.L.only slightly changes,

but the system type + 1

Root Locus

Imaginary Axis (sec:

I I
-25 -2

I 1 I I
-1.5 -1 -0.5 0 0.5 1

Real Axis (seconds™)

"

PID Tuning

o Closed-loop Ziegler-Nichols tuning method

Table 7.7 Ziegler-Nichols PID Tuning Using Ultimate Gain, K;;, and Oscillation Period, P

Ziegler-Nichols PID Controller Gain Tuning Using Closed-loop Concepts

Controller Type Kp K, Kp
Proportional (P)
Gr(S) = Kp OSKU E =
Proportional-plus-integral (PI)

K, _ 0.54Ky,
Ge(s) = Kp + 045Ky _

s TU
Proportional-plus-integral-plus-derivative (P1D)

K; 12Ky 0.6K;Ty;
GF(S) — Kp + — 4+ KDS D.6KU

A TU 8

P




* Negative Gain Root Locus -1

Table 7.9 Seven Steps for Sketching a Negative Gain Root Locus (color text denotes

changes from root locus steps in Table 7.2)
Step

Related Equation or Rule

1. Prepare the root locus sketch.
(a) Write the characteristic equation so that the
parameter of interest. K, appears as a multiplier.

(b) Factor P(s) in terms of n poles and M zeros

(c) Locate the open-loop poles and zeros of P(s)
in the s-plane with selected symbols.

(d) Determine the number of separate loci, SL.

(e) The root loci are symmetrical with respect to
the horizontal real axis.

(a) 1+ KP(s) =0

M
H(5+Z:)
(b) 1+K=— =0

I+ p)
=1
(c) X = poles, O = zeros

(d) Locus begins at a pole and ends at a zero.
SL = nwhen n = M:n = number of finite
poles, M = number of finite zeros.

45

* Negative Gain Root Locus -2
1

Table 7.9 (continued) Seven Steps for Sketching a Negative Gain Root Locus (color
text denotes changes from root locus steps in Table 7.2)

2. Locate the segments of the real axis that are root loci.

|95

. The loci proceed to the zeros at infinity along
asymptotes centered at o4 and with angles ¢ 4.

4. Determine the points at which the locus crosses the
imaginary axis (if it does so).

6. Determine the angle of locus departure from complex
at or poles and the angle of locus arrival at complex
zeros using the phase criterion.

7. Complete the negative gain root locus sketch.

5. Determine the breakaway point on the real axis (if any).

Locus lies to the left of an even number of poles
and zeros.

n M
Z(_Pj) - 2(—21)
s = &=
B n—-—M

T4

2k
=—180° k=0, 1,2, i..(n— M =1)
Pa n—M

Use Routh-Hurwitz criterion (see Section 6.2).

a) Set K = p(s)
b) Determine roots of dp(s)/ds = 0 or use
graphical method to find maximum of p(s).

/ P(s) = +£k360° ats = —p, or —z;

46 I




Negative Gain Root Locus -3

s—=20
o Example 1+ K——=0 [, _s-20 _
S +55_50 .§.2+55_50
20 i T T T T T ]
Q = Unstable for all K > 0
2 vd
-
I ] e S Y T RN - S
=
E o IO [~
_20 -
—20 —=10 )] 10 20 30 40 50
Real Axis
(a)
20} ‘
% 10f KZ_S'DH/K=—2.5
g -10f \—2.5<Ks_0
£
_20 L
—20 —10 ) 10 20 30 40 50
Real Axis
(b)

Figure 7.44 (a) Root locus for 0 £ K < «. (b) Negative gain root locus for —o< K <0.
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The End
o Questions?

48
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