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Chap 5 The Performance of Feedback

Control Systems
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* Introduction
!

o A feedback control system can

+ Adjust the transient and steady-state responses
+ Reduce system sensitivities to the parameter variation

+ Disturbance / noise rejection

o Design specifications (for control system)
For a specified input command
+ Several time response indices

+ Steady-state accuracy




* Test Input Signals
|

o Why do we want to do this ?

+ Actual input signal is usually unknown
+ Provide several standard measures of the performance of the system
+ Exist a reasonable correlation between the response of a system to a

standard test input and an actual input

* Some standard test signals -1
1

a Unitimpulse R(s) =1

+ Rectangular function

1 € e € ) s fe(t)
fe(t) — e 2 2 —
0 otherwise €
+ Unitimpulse -t
L
6(t) 2 lirr(1) fe(t) 2 12
E—

o Properties

j sde = 1 j 5(t — a)g(Ddt = g(a)

y(@) = L HG(SR(S)]=L ~HG(s)] = g(t)

P




* Some standard test signals -2
1

A
o Step R(s) =<

A t=o0 A
r(t)_{o £<0

y() = !51—{% sY(s) =}5i_r>r6 SG(S)% =G(0) (ifA=1)

A
o Ramp R(s) =2z

A
o1 13 s

>t

o

* Some standard test signals -3

|

: 2A

o Parabolic R(s) ==
S

2
r(t) = |At® £20
0 t<0

a General form (polynomial)  R(s) = —
S

t" t=>0
t) = =
r(t) {0 t<0




* Example
|

o A 1storder system G(s) =

s+ 10
Unit step input r(t) = 1

09 -09
S(s+10)= S +s+10

Y(s) = G(s)R(s) =

y(t) =09(1—e 10 =)  y(0) =09
e = e(o) =0.1
Or = y(o) =lim SG(S)% = G(0) = 0.9

_ L o 1
€ss = e(0) =limsE(s) = }91_133 S(]_ — G(S))E

s—-0
=1-09=0.1 ‘
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* Performance of Second-order Systems -1
1

o Consider a single-loop second-order system

E(s) K

R(s) - T_ s(s +p) - Y (s)
V() = ) Ry =g
> 1+ G(s) > Cs24+ps+K (5)
Wy
T2+ 2{wys + w,ZlR(S)
DC gain =1

¢: damping ratio, “zeta”

wy,. natural frequency




* Performance of Second-order Systems -2

|
1
o Assuming unit step input R(s) = -

v(s) w2 1
s) = -
(s2 + 20wys + w2) s
1 s + 2wy,
S S%2+2({wys + wi
1 Al Z9y

S S—P1 S—D2

lz_l

y(t) =1—- Zleplt — Zzepzt

* Performance of Second-order Systems -3

o When{ =0
S+ 2wy, s N Zy
s+ 2{wps + Wi sP+wi S—p1 S—D2
to, :
p, =_](U Z4 =
1,2 n 1 s — Py
S=D1
S
oy =
T s—p
S =Dz
1 . 1
E> y(t) =1—- Zleplt _Zzepzt =1 __e]wnt =
2 2
=1 — cos(wy,t)




* Performance of Second-order Systems -4
1

o When0<{<1

S‘l‘Z((Un . Z1 n Zz
S24+2(w,s+ w2 s—p; S—py

P12 = —Cwy + jwpy/1 — (% = (—¢ £ jB)wy

where g = /1 - (2

» 7 =S+26wn ZIB_]Z
! S — P2 2p
S=p1
s+ 2w, B+ jC
7y = — =
? S—P1 2
S =D2

.ol

* Performance of Second-order Systems -5
1

0
D y(t) =1 —ziePrt — z,eP2t

Euler's formula e/? = cos@ + jsin®

=1 — z;e~$“nt(cos(w,Bt) + jsin(w,Pft))
—2ze~5“n" (cos(wpBt) — jsin(w,Bt))

1 .
=1 ——e $@ntsin(w, Lt + 0)

p
B=+1-022sing

~ 0 =cos™1¢




* Performance of Second-order Systems -6
1

o When{ =1

s + 2wy, 1 Wn

— +
24+ 2w,s +tw?: s+ w, (s+ wy)?

p12 = —w, doublepole

lg-l

E> y(t) =1- e_wnt - wnte_wnt =1-— (1 + wnt)e_wnt

(s—a)n+1

‘ Note: L[t"e] = —=

Repeated root introduce slower response

.o

* Performance of Second-order Systems -7
1

o When{>1

s + 2wy, oz N Z5
s24+ 2w, s+ w2 s—p; S—Dy

P12 = (—Civéz—l)wn
» s + 2wy, :\/{2—1+C>O

$TP2 lg—yp, 24/¢%>—1

S + 2wy V% — —C<

22:— —_—

JL_l TP ls=p, 2y¢* =1

0

y(t) =1 — z,eP1t — z,eP2t LEME—ISEGRENSES R

o




! Performance of Second-order Systems -8

o The locus of roots as ¢ varies with w,, constant.

(=0
P12 = tjwy,
0<¢<1
P2 = (—¢ 21— %)y
., =1
P12 = —Wn
>1

P12 = (—Civéz - 1)‘%

0 =cos ¢

i # %4 ME3007-01 Chap 5 - i 3 Li

! Performance of Second-order Systems -9

o Step response as { varies

20

04

0.7

Mn 1.0
1.0

0.8

0.6 20

04

0.2

0.0

0 2 4 6 8 10 12 14

(=0 y(t) =1 — cos(wnt)
0<{<1 y(t)=1- %e‘f“’ntsin(a)nﬁt +0)

(=1 y() =1— (1 + w,t)e ¥t
6 #74 ME3007-01 Chap 5 - ki 3% Li




* Performance of Second-order Systems -10
1

o Assuming impulse input R(s) =1

V,(s) = o e
2 s24+2{w,s+ w2 s—p; S—psy

|-

y() = g(t) = z1ePrt + z,eP2t  GEgI4E#T SRR

S . AR RAE
d
Y,(s) = sY(s) E> Yo (t) = %y(t)

PLO < (< 17455l y(t) =1 _%e—(wntsin(wnlgt +0)

ya(6) = %wne-f ntsin(awnBt) ‘
17 k

* Response of Second-order Systems -1
1

1
o Assuming unit step input R(s) = -
N0

A
M_u.' uuuuuuuuuuuuu
Overshoot B
1.0+ 6 b
v | v

OF——————- S ———- - X -——————- P . pp——
I I I
09 F——-1 vt , \_/ |
H) L0-6 /1 I I
I I I
I I I
I I I
I I I
|1 I I
Il I I
I I I
|1 I I
0.1 = I I I

0 : : ' TI ?'r » Time
P 8
L— TnJ Peak Settling
time time
—— T, —>

Rise time
18 i‘




* Response of Second-order Systems -2
1

o Settling time T

+ The time required for the system to settle within a certain

percentage § of the input amplitude

+ For standard 2n-order systems

fo<{<1andd =2%
1
y(t)=1- e_(‘“nt[ﬁ sin(w,ft + 0)]
e~$@nTs < 0.02

(wnTs"'él“

D Ty=— =41

(wn

.o

* Response of Second-order Systems -3
1

o Peak time T,

+ Time at which the amplitude is largest

o Percentage overshoot P. 0.

¢ Mt_fv
po.=-2_""
fo

M,,.: peak value of the time response

X 100%

- final value of the response
(may not be the same as the input)

-8




* Response of Second-order Systems -4
1

+ For standard 2"d-order systems

fo<{<1
1
y(t)=1- Ee‘c“’ntsin(wnﬁt + 6)
: 1
y(t) = Ewne‘fwnt sin(w, ft) = 0 (i.e. impulse response)
wppt =nm  Whenn=1- t=T,
wpfT, =7

T T
P TS B w 1=

.

* Response of Second-order Systems -5

o
72
y(Tp) =M,y =1+e v1-¢ Independent of w,,
fv =1
My — f, N
v 2
= P.0.= x 100% = 100e V1-¢
fv
100 5.00
P.O. 2 90 5 __T 4.80
|:> [ln(100)] z 80 Percent nTp JI—¢8  |a60
OR f = PO ,zé 70 overshoot 4.40
[l"(mo)] ; 60 - 420
£ 50 2 400 %
g 4 380
S 30 3.60
& 20 3.40
10 3.20
0 3.00

00 0.1 02 03 04 05 06 07 08 09 1.0

Damping ratio, ¢




* Response of Second-order Systems -6

o Rise time T,

¢ Forunderdamped systems: T, 0 — 100%

+ For overdamped/underdamped systems: T,. 10 —90%

3.5

30

2.5

2.0 T, =

1.0

Linear approximation

2.164 + 0.60
Wy,

0 01

larger w, and smaller { »

02 03 04 05 06 07 08 09 1
¢

Linear approximation

(2.160 + 0.6)
(‘)n

T1

for03<{<08

faster response
larger overshoot

* Response of Second-order Systems -7

o Versus time

()

0.9

AXA B
1.0+ & b
EpmEre s _)( _____ ; e, \T _______ 74 ___::\_ _____
________ [ [ \_/ [
I I I
_ |1 I I
1.0-2o Il I I
I I I
I I I
I I I
I I I
|1 I I
Il I I
I I I
|1 I I
s Il I I
' - ' ' » Time
L J T, T,
Trl Peak Settling
time time
—
Rise time

oy 07011 Pearson Cocaten, inc pubiubeng o Fransce Hal
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* Response of Second-order Systems -8

|
o Comparison

Dorf Kuo Franklin
~;TZ(O<(<O.69) y
4 n .
s " Con (2%) 4.53 (2%) Nm(l%)
~ CT (¢ > 0.69)
Want {aw, | n
T (2.16{+0.6) (2.5{+0.8) 18
" - Wn ~ wn Wn
for03<(<0.8 - (1-0.4167¢+2.9173?) for {~0.5
Wn
0 1
Want a)nT ford<¢<
_ Vi
Tp P wp/1-72
__(dm
P.0 Want ¢ T 100e v1-¢?

* Effect of a Third Pole and a Zero -1
!

o Add a pole on the 2"d-order system

w2 r

(s2 + 2{w,s + w2) (s+71)

J L1 poles p; 53 = (—( +jy1- Cz)wn: —r

T(s) =

t(t) — Zleplt _|_ Zzep2t _|_ 23€p3t /—“
* 1T,
If
7] = 10w, % -
the system can be approximated by the —7 \\ {@n
2nd-order system because the effect of '
the 3 root decays vary fast comparing ]

to the other two roots

-5
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Effect of a Third Pole and a Zero -2

o Add a zero on the 2"d-order system

w2 (s +a)
(s2+2(w,s + w2) a
polesp;, = (¢ £ jJy1—-{Hw,

Zero z=-—a

T(s) =

£—1

t(t) = z,eP1t + z,eP2t

x| 1=,

+ Change weights of all poles

v

o ‘I
A4 \

\
+ May cause pole-zero cancellation —¢ \

27 L‘

* Effect of a Third Pole and a Zero -3

20

- 1.0

10

Ouput

0.5

I 2 5 10 20 S0 W00 200 S0 1000

Percent overshoot

(a)

Figure 5.13 (a) Percent overshoot as a function of { and w, when a second-order transfer function contains a zero.
Redrawn with permission from R. N. Clark, /ntroduction to Automatic Control Systems (New York: Wiley, 1962). (b) The
response for the second-order transfer function with a zero for four values of the ratio alw, A =5, 8=2, C=1,and D

=0.5when { =0.45.
28 - ‘




* Effect of a Third Pole and a Zero -4
!

o Assuming a = alw,

w2 (s + alw,)
I'(s)=—5 2
(s% 4+ 20wys + wy) alw,
1 S
eyt
R s = S
(w—n) +2((w—n)+1 Set S = w_
S
C(_( +1 1 1

1

TS24 205+1 24205+ &C5E 12+ 1

Original 2"9-order system

If at, effect!

In general, LHP zeros increase P.0. and RHP zeros decrease P.0

Derivative of the original
2nd-order system

"ok

* Effect of a Third Pole and a Zero -5
!

o Example:

G1(s) =

6 1 +-4
s24+10s+16 s+2 s+8¢

0.5 -

impulse response

y.(t) = g.(t) = e 2t — 8 ﬁ

Add a zero
G, (s) = 6s + 6 _ —1 N 7
218  s2410s+16 s+2 s+8=

impulse response

y2(t) = go(t) = —e™*t + 7e™%

= y1(t) + y1(8) %"

30_-|_




* The s-plane Root Locations -1
1

o General T.F.

(<) = Y(s) X PA(s) p(s)
(s) = R(s)  A(s)  q(s) Roots of p(s) = 0 : zeros
Roots of g(s) = 0 : poles

In general, if R(s) = % T(0) = 1, and no repeated roots

1 = 4 A Bys +C
i S
V=Y Sy e
S S + o; s* + 2ays + (aj + wi)

=1 k=1

A;, By, C,, = constants

§=—0;,~ar T jwg

.o

* The s-plane Root Locations -2
1

M N
y(t) =1+ Z Aje 7t + Z Dye “ktsin(wgt + 6y)
i=1 k=1

Dy, = f(By, Cy, @y, W) = constant

[> Locations of poles and zeros determines the system response

For the response to be stable,
—o;, —a; must be in the left-hand s-plane (LHP)

.8
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The s-plane Root Locations -3

o Impulse response for various root locations

in the s-plage

faster oscillation

faster decay

— Wy,
Same
oscillating
speed

Coppogpe © 311 Pasrae Educaton. s pubiang o4 Pravce it

A > A A
Ik It S —
0 0 -

—0; Or —0  Same decay speed

* The s-plane Root Locations -4

|
o Comments

+ System performance — in time domain y(t)

System analysis and design — in frequency domain pole & zero

+ Poles of T(s) determine the particular response modes

Zeros of T(s) establish the relative weightings of individual modes

reduce the effect of nearby poles

+ The response of a complex linear system can be thought as the

combination of these simple 1s*-order and 2"d-order system

responses

P




* Steady-state Error of Feedback Control Systems -1
1

o A standard closed-loop system

R — G, 1 G - Y
) k s+z
g GG(s) = [z (s +2)
H=1rF sN Hk—l(s + pk)
Considering unity feedback
N: type number
E = R
)= 1566
5 = tlLrgloE(t) = }Sl_r)%sE(s) = }51_r>r551 C GR(S)

-5

* Steady-state Error of Feedback Control Systems -2
1

A
o Stepinput R(s) = S

1 A A
= = li
s T 00°1+ G ()G(s) s T 01+ G.(s)G(s)

— lim ASN H 1(5 + pk)
s=20 gl Zk 1(5 + pi) + kH 1(5 + z;)

ifN=>1 e =0
if N=0 e, =

T4k, kp_lsl_l%G G(s)

pOSlthTl error constant

-8




* Steady-state Error of Feedback Control Systems -3
1

A
o Ramp input R(s) =2

1 A A
— i — =1
f T T H G ()G(®) 52 505G ()G(5)
_ Asl'1 ngl(s + pk)
= lim i
s—0 k Hi=1(S + z;)

IfN=2 e=0
A
if N=1 e =— k, 2 1limsG.(s)G(s)
kv s—0
if N=0 ey = velocity error constant

= |

* Steady-state Error of Feedback Control Systems -4
1

A
o Parabola input R(s) =3

1 A A
= i =
s = 30° 1 ¥ G.(s)G(s)s3 550 s2G.(s)G(s)

o AV (s + pr)
= lim i
50 k Hi:l(s + Zi)

ifN>3 e =0

A :
ifN =2 €gs = k_ ka = E_I}(l)SZGc(S)G(S)
a
i]c N=1 e, = acceleration error constant

-8




* Steady-state Error of Feedback Control Systems -5

|
o Summary

T b
ypffngﬁ o Step Ramp Parabola
A
0 1+k, &0 %
1 A
O —_—
k., @
A
a

* Steady-state Error of Feedback Control Systems -6

|
o Example: Mobile robot steering control

Controller Vehicle dynamics

5) K )
Desired G.(5) > G(s) = > Actual
; 75+ 1 R
heading angle - heading angle

G.(s) = K4

N=0 Stepinput: e;s=

K,
GC(S) =K, + ?

N=1 Step input: eqc= 0

Ramp input: egs= ki




* Performance Indices -1
!

o Definition

+ A performance index is a quantitative measure of the
performance of a system and is chosen so that emphasis is

given to the important system specifications

o Optimum control system

+ When the system parameters are adjusted so that the index

reaches an extreme, commonly a minimum value

* Performance Indices -2
!

o ISE, integral of the square of the error

T =T, (usually) | A

T
ISE =J e?(t)dt
0

(b) W) # /: M :\-_/

L

+ Can discriminate excessively over-damped \ .
systems and excessively underdamped P \//\ e

systems

(d)

+ Can be solved analytically

dISE—Ot tK ) e
dKk ©g¢ o




* Performance Indices -3
!

o |IAE, integral of the absolute magnitude of the error

T
IAEzJ le(t)|dt
0

o ITSE, integral of time multiplied by the squared error
T

ITSE = J te?(t)dt

0

To reduce the contribution of the large initial error

o ITAE, integralZf time multiplied by absolute error, ITAE

T
43 ‘

ITAE =J tle(t)|dt
0

* Performance Indices -4
!

1
o Example  R(s) =

=
L
|

r 26 5 > Y(S‘)

ITAE

/ ITSE/10
0

00 02 04 06 08 1.0 1.2 14 16 1.8 20
¢

—_ (] ad = Lh o)) ~

T(s) =
(s) s?2+2és+1

+ The indices of the critical damped system is always smaller than

those of the overdamped system

+ Minimum occurs in the underdamped system---going up fast but

with oscillation
44 = ‘




‘ Performance Indices -5
!

o Optimum coefficients of T(s) based on ITAE

criterion for a step input
Y(S) _ bo
R(s) s™+b,_1s" 1+ ..+ b;s+ b,
bo
s+ b,_1s" 1+ ..+ b;s
by N=1

T(s) =

1+ n n-1
s+ by_1S + ...+ bys es=
Table 5.6 The Optimum Coefficients of T(s) Based on the
ITAE Criterion for a Step Input
s+ w,
s+ l.4w,s + w,", e ( = 07
5 + 1.75w,s* + 21505 + w,
st + 21w,5° + 3.40is* + 2.7wls + o}
$° + 2.8w,5 + 5.00ks° + 5.50)8 + 3.4w)s + o,
5 + 325w,5° + 6.60wis* + 8.60w)s’ + 7.45wis*> + 3.95w)s +
Copyright © 2011 Pearsan Educabon. Inc. publishing as Prenbce Hall
45 8
‘ Performance Indices -6
1
" 12
o Step responses of a normalized e o e
1.0 XN - 4 . S e
| P\ TR A=A
. I
transfer function ol BT
4 iy S &
1.2 T 06 | n=4
1| (=
2 Z 04 J‘ ;'
1.0 S /1
’ / V4 d 02 (=
"( , .r/ ;f;"':_f
f ! J" = 5 5 ]
2 0.8 I ; . r\-.-m.;.ll.?cunmu
g ] 1 ;‘ (a)
& I I3 ITAE
d 'I f : 12
E 0'6 ’\"tt
% L / i n=2
E U] n= ;
é 0.4 !Rn —— :],
/ ’?“\“‘n =5
.\' ! Jr‘-.___\ _‘
3 n==6
i1
0.2 i
15
I'I’
0 .-"/"
0 5 10 15 20 .
Normalized time ®
( ) wnf Copyrgh © 2T Paarion Eecaton, bn. pubbatong as Prpsbin tad
=

Loyt 301} Fuwnss rsnse s sudmareng Py sl
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Performance Indices -7

t
a

Optimum coefficients of T(s) based on ITAE

criterion for a ramp input

Y(s) bis + by
T(S) = = n n-1
R(s) s™+b,_4S + ...+ bys + by
bis + by
S+ by s+ .+ bys? N=2
B 1+ blS + bO ess= 0

s+ b,_s" 1+ ...+ b,s?

Table 5.7 The Optimum Coefficients of T(s) Based
on the ITAE Criterion for a Ramp Input
§ + 32,5 + @}
s + 1.750,5% + 3.250%s + @]
st + 241lw,5° + 4.93wis? + 5.14w)s + o}

§° + 2.190,5* + 6.50wis® + 6.30w,s* + 5.24wps + W),

T ——

.
I
o Questions?

P




